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a b s t r a c t
It is shown in this work that if graph G has degree sequence d1 ≥ d2 ≥ · · · ≥ dn ≥ 2 withl
i=1(di + dn−i−1) > l(n+ 2) holding for every 1 ≤ l ≤ n/2− 2, then it is λ′-optimal. The
lower bound on the degree-summation is exemplified sharp. This observation generalizes
the corresponding results of Bollobás on maximal edge connectivity of graphs.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
All graphs appearing in this work are simple and connected. The restricted edge connectivity λ′(G) of a graph G is the
minimum cardinality over all its restricted edge cuts, where an edge cut S of G is restricted if G − S contains no isolated
vertices. Let ξ(G) = min{d(x) + d(y) − 2 : xy is an edge of graph G} is the minimum edge degree of graph G where d(x)
indicates the degree of vertex x. Then λ′(G) ≤ ξ(G) holds whenever G is a connected graph of order at least four and is not
isomorphic to any star K1,n [5]; graph G is called maximally restricted edge connected, or simply λ′-optimal, if the equality
holds.
It is known that communication networks are usually locally more reliable if they have greater restricted edge
connectivity [2,9], and so the optimization of restricted edge connectivity draws a lot of attention. For details, the readers
can refer to [1,6,12,10,14,15] and a survey [7]. In [11], we show that a connected k-regular graph G of order at least four is λ′-
optimal if k > |V (G)|/2. To weaken the minimum degree condition, the authors present degree-sum condition in [13] and
some degree sequence conditions for triangle-free graphs and bipartite graphs in [8]. In [3], Bollobás presents a sufficient
condition for a graph to be maximally edge connected, which says that if graph G has degree sequence d1 ≥ d2 ≥ · · · ≥ dn,
n ≥ 2 andli=1(di+dn−i) > ln−1 holds for every 1 ≤ l ≤ min{⌊n/2⌋−1, δ(G)}, then λ(G) = δ(G). Theorem 6 of this work
presents a similar condition for graphs to be maximally restricted edge connected, other conditions are also presented.
For any two subsets X , Y of the vertex set V (G) of graph G or two of its subgraphs, let [X, Y ] denote the set of edges with
one end in X and the other end in Y . For other symbols and terminology not specified herein, we follow that of [4].
2. Maximal restricted edge connectivity
In what follows, S = [U,W ] is a minimum restricted edge cut of graph G. Write |U| = k ≥ 2 and assume without loss of
generality that |U| ≤ |W |. Let d¯S = λ′/k and dS(x) be the number of edges in S that are incident with x.
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Lemma 1. If connected graph G has order at least four and minimum degree δ(G) ≥ 2, then λ′(G) ≤ 2(k − 2 + d¯S) or
λ′(G) = ξ(G).
Proof. Let V (U) = {x1, x2, . . . , xk} and assume that dS(x1) ≤ dS(x2) ≤ · · · ≤ dS(xk). If defining t = min{i : xi ∈ N(x1)}− 1,
then dG(x1) = dS(x1)+ dU(x1) ≤ dS(x1)+ k− t . Sinceki=1 dS(xi) = λ′(G) and dS(x1) ≤ dS(x2) ≤ · · · ≤ dS(xk), it follows
that dS(xi) ≤ (λ′(G)− (i− 1)dS(x1))/(k− (i− 1)) holds for all t + 1 ≤ i ≤ k. Hence,
ξ(G) ≤ dG(x1xt+1) = dG(x1)+ dG(xt+1)− 2
≤ (dS(x1)+ k− t)+ ((λ′(G)− tdS(x1))/(k− t)+ k− 1)− 2 (1)
where 0 ≤ dS(x1) ≤ λ′(G)/k and 1 ≤ t ≤ k−1. Since δ(G) ≥ 2, it follows that either dS(x1) = 0 and t ≤ k−2, or dS(x1) ≥ 1
and t ≤ k− 1. And so, the binary function f (dS(x1), t) = (dS(x1)+ k− t)+ ((λ′(G)− tdS(x1))/(k− t)+ k− 1)− 2 arrives
at its maximum value when either dS(x1) = 0 and t = k− 2, or dS(x1) = λ′(G)/k and t = 1, or dS(x1) = 1 and t = k− 1.
Firstly, if dS(x1) = λ′(G)/k and t = 1 then λ′(G) ≤ ξ(G) ≤ 2(k − 2 + d¯S). Secondly, if dS(x1) = 0 and t = k − 2 then
λ′(G) ≤ ξ(G) ≤ k−1+λ′(G)/2. So, λ′(G) ≤ 2k−2 and d¯S < 2.When 1 ≤ d¯S = λ′(G)/k < 2, we have λ′(G) ≤ 2(k−2+ d¯S);
when 0 < d¯S < 1, λ′(G) = kd¯S < k ≤ 2(k − 2 + d¯S) + 1, we also have λ′(G) ≤ 2(k − 2 + d¯S). Finally, if dS(x1) = 1
and t = k − 1 then λ′(G) ≤ ξ(G) ≤ (dS(x1) + k − t) + ((λ′(G) − tdS(x1))/(k − t) + k − 1) − 2 ≤ λ′(G), which implies
λ′(G) = ξ(G). 
Corollary 2. Let G be a connected graph with order at least four and minimum degree δ(G) ≥ 2. If λ′(G) ≠ ξ(G), then
λ′(G) ≤ 2k.
Proof. Since λ′(G) ≠ ξ(G), it follows from Lemma 1 that kd¯S = λ′(G) ≤ 2(k− 2+ d¯S), which implies that either k = 2, or
d¯S ≤ 2 and λ′(G) ≤ 2k. Since λ′(G) = ξ(G)when k = 2, the corollary follows. 
Lemma 3. If connected graph G with order at least four has δ(G) ≥ 2 and λ′(G) = 2k− i, then ξ(G) = 2k− i, where i = 0, 1, 2.
Proof. Since λ′(G) ≤ ξ(G), it suffices to show that ξ(G) ≤ λ′(G). As is pointed out in the proof of Lemma 1, we need only to
consider the following two cases: (1) dS(x1) = λ′(G)/k and t = 1; (2) dS(x1) = 0 and t = k− 2. If dS(x1) = 0 and t = k− 2,
then for any i ∈ {0, 1, 2}we have
ξ(G) ≤ d(x1xk−1) = dG(x1)+ dG(xk−1)− 2
≤ 2+ (k− 1+ λ′(G)/2)− 2 = 2k− 1− i/2 ≤ 2k− i.
Continue to consider the case when dS(x1) = λ′(G)/k and t = 1. If i = 0, then dS(x1) = dS(x2) = 2. And so
ξ(G) ≤ dG(x1x2) = dG(x1)+ dG(x2)− 2
= dU(x1)+ dS(x1)+ dU(x2)+ dS(x2)− 2 ≤ 2k.
If i = 1, then dS(x1) = 1 and 1 ≤ dS(x2) ≤ 2. Hence, ξ(G) ≤ dG(x1x2) ≤ 2k− 1. Finally, if i = 2 then dS(x1)+ dS(x2) ≤ 2.
We also have ξ(G) ≤ dG(x1x2) ≤ 2k− 2. And so the lemma follows. 
Remark 1. For any connected graphGwith order at least four and δ(G) ≥ 2,we deduce that if k = 2, or k ≥ 3 andλ′ = 2k−i
for some nonnegative integer i ≤ 2, then λ′(G) = ξ(G). But if k ≥ 3 and λ′(G) = 2k − i for any integer i ≥ 3, then the
following examples show that there are graphs with λ′(G) = 2k− i < ξ(G).
Example 1. For the case when i ≥ 3, let graph G be obtained by adding an edge set S of size 2k − i to join two complete
graphs Kk and Km such that Kk contains vertices x1, x2, . . . , xi with dS(x1) = dS(x2) = · · · = dS(xi) = 1 in G and dS(x) = 2
for any vertex x of Kk − {x1, x2, . . . , xi}, where i ≤ k < m. Since x1x2 has minimum edge degree ξ(G) = dG(x1x2) =
2(k− 2)+ dS(x1)+ dS(x2) = 2k− 2, it follows that λ′(G) = 2k− i < 2k− 2 = ξ(G).
Example 2. For the case when i ≥ 5, let G be any graph obtained by adding an edge set S of size 2k− i to join two complete
graphs Kk and Km, where k ≤ m. Since ξ(G) ≥ 2k− 4, it follows that λ′(G) ≤ 2k− 5 < 2k− 4 ≤ ξ(G).
From the discussion above, we deduce that if graph G is such that δ(G) ≥ 2 and 2k ≥ λ′(G) ≥ 2k−2, then G is maximally
restricted edge connected. These observations are useful for proving the following results.
Lemma 4. Let G be a connected graph with δ(G) ≥ 2 and order n ≥ 4. If ξ(G) ≥ n− 1, then λ′(G) = ξ(G).
Proof. Since δ(G) ≥ 2, it follows that G is not any star. And so, it contains restricted edge cuts. Suppose on the contrary
that λ′(G) < ξ(G). Then λ′(G) ≤ 2k − 3 by Corollary 2 and Lemma 3. In what follows we shall get the contradiction
ξ(G) ≤ 2k− 2 ≤ n− 2, and the lemma follows from it.
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Similar to the proof of Lemma 3, we need only to consider the following two cases: (1) dS(x1) = λ′(G)/k and t = 1;
(2) dS(x1) = 0 and t = k− 2. If dS(x1) = 0 and t = k− 2, then
ξ(G) ≤ d(x1xk−1) = dG(x1)+ dG(xk−1)− 2
≤ 2+ (k− 1+ λ′(G)/2)− 2
≤ k− 1+ (2k− 3)/2 < 2k− 2.
If dS(x1) = λ′(G)/k and t = 1, since λ′(G) ≤ 2k− 3, we deduce that dS(x1)+ dS(x2) ≤ 2. And so,
ξ(G) ≤ dG(x1x2) = dG(x1)+ dG(x2)− 2
= dU(x1)+ dS(x1)+ dU(x2)+ dS(x2)− 2 ≤ 2k− 2.
The lemma follows. 
Lemma 5. Let G be a connected graph with order at least four has δ(G) ≥ 2. If λ′(G) < ξ(G), then 2λ′(G)− dS(x1)− dS(x2) ≤
4k− 8.
Proof. Since λ′(G) < ξ(G), it follows from Lemma 3 that λ′(G) ≤ 2k−3. If λ′(G) ≤ 2k−4, then 2λ′(G)− dS(x1)− dS(x2) ≤
4k − 8. Suppose on the contrary that 2λ′(G) − dS(x1) − dS(x2) ≥ 4k − 7 when λ′(G) = 2k − 3, then dS(x1) + dS(x2) ≤ 1
and dS(x1) = 0. If x2 ∈ N(x1), 2k− 3 ≥ dG(x1x2) ≥ ξ(G) > λ′(G) = 2k− 3, which is a contradiction. If x2 ∉ N(x1), denote
t = |N(x1)|. Since δ(G) ≥ 2 then 2 ≤ t ≤ k − 2, and k ≥ 4. Let xi ∈ N(x1) be a vertex that has the minimum degree in G
among those in N(x1). Then
dG(x1xi) = dG(x1)+ dU(xi)+ dS(xi)− 2
≤ t + k− 1+ (2k− 3)/t − 2
≤ 2k− 3+ 1/(k− 2).
Since 2k− 3 = λ′(G) < ξ(G) ≤ dG(x1xi) ≤ 2k− 3, which is a contradiction. 
Theorem 6. Let G be a graph with order n that contains restricted edge cuts and d1 ≥ d2 ≥ · · · ≥ dn ≥ 2 be its degree sequence.
If
l
i=1(di + dn−i−1) > l(n+ 2) holds for every 1 ≤ l ≤ n/2− 2, then λ′(G) = ξ(G).
Proof. Suppose on the contrary that λ′(G) < ξ(G). Then k ≥ 3. Let H be the graph obtained by adding as few as possible
edges to G such that both U andW induce complete subgraphs in H , respectively. From Corollary 2 and Lemma 3 it follows
that λ′(G) = |[U,W ]| = λ′(H) = 2k− iwith i ≥ 3. Let U ′ = U − {x1, x2}. Then
k−2
i=1
(dn−i−1 + di) ≤

x∈U ′
dH(x)+max
W ′

y∈W ′
dH(y),
whereW ′ ⊆ W contains (k− 2) vertices that have as large as possible degree in H . Then
x∈U ′
dH(x)+max
W ′

y∈W ′
dH(y) ≤ (k− 2)(k− 1)+ λ′(G)− dS(x1)− dS(x2)+ (k− 2)(n− k− 1)+ λ′(G)
= (k− 2)(k− 1)+ (k− 2)(n− k− 1)+ 2λ′(G)− dS(x1)− dS(x2).
By Lemma 5, we deduce that
k−2
i=1 (dn−i−1 + di) ≤ (k− 2)(n+ 2). This contradiction establishes the theorem. 
Corollary 7. Let G be a graph that contains restricted edge cuts and d1 ≥ d2 ≥ · · · ≥ dn ≥ 2 be its degree sequence. If
di + dn−i−1 > n+ 2 for every 1 ≤ i ≤ n/2, then λ′(G) = ξ(G). 
Remark 2. The bound on the degree-summation of Theorem 6 is sharp to some extent. A counterexample graph G can be
constructed as follows. Let Kk and Kk+2 be two complete graphs with vertex-sets V (Kk) = {x1, x2, . . . , xk} and V (Kk+2) =
{y1, y2, . . . , yk+2}. Add an edge set S of cardinality 2k − 3 to join the vertices of Kk and Kk+2 in such a way that the
neighborhood of vertex xi in G is N(xi) = {y1} for i = 1, 2, 3; N(xi) = {yi, yi+1} for i = 4, 5, . . . , k− 1 and N(xk) = {yk, y4}.
Clearly, graph G has degree sequence k, k, k, k+ 1, k+ 1, . . . , k+ 1, k+ 3, . . . , k+ 3, k+ 4, where the number of integers
k+ 1 is k+ 1 and the number of integers k+ 3 is k− 3. And so,li=1(dn−i−1 + di) = l(2k+ 4) = l(n+ 2) for any integer l
with 1 ≤ l ≤ k− 2. But, ξ(G) = 2k− 2 > 2k− 3 = |S| ≥ λ′(G).
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